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Abstract
We give a criterion to prove that some groups are not acylindrically
hyperbolic. As an application, we prove that the mapping class group of
an infinite type surface is not acylindrically hyperbolic.
Introduction
If S is an orientable surface, the mapping class group of S, denoted by Mod(S),
is the group of orientation-preserving homeomorphisms of S up to isotopy. If
S has finite genus and contains only finitely many punctures and boundary
components, we say that S is of finite type. If not, we say that S is an infinite
type surface.
Mapping class groups of finite type surfaces has been studied for many years.
If S has enough complexity (i.e., S is not a torus with less than two punctures
nor a sphere with less than five punctures), then Mod(S) acts by isometries on its
curve complex C(S). The curve complex of S is a simplicial space whose vertices
are isotopy classes of essential simple closed curves in S, and whose simplexes
of dimension n are the n-uplets of vertices which have disjoint representatives
in S. This complex is known to be Gromov-hyperbolic by a theorem of Howard
Masur and Yair Minsky (see [MM99]). Moreover, Mladen Bestvina and Koji
Fujiwara have proved in [BF02] that the action of Mod(S) on C(S) is weakly
properly discontinuous, and Bowditch has proved more generally that this action
is acylindrical in [Bow06]. In the langage introduced by Osin in [Osi], it follows
that Mod(S) is acylindrically hyperbolic (see Section 1 for a precise definition).
In particular, this implies that:
• Mod(S) is SQ-universal, i.e., any countable group embeds in a quotient of
Mod(S). In particular, Mod(S) contains non abelian free subgroups and
it contains uncountably many normal subgroups (see [DGO]);
• the dimension of the second bounded cohomology of Mod(S) is infinite
(see [BF02]);
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• any asymptotic cone of Mod(S) contains a cut point ([Sis], see also [Beh06]).
More specifically, this approach leads Franc¸ois Dahmani, Vincent Guirardel and
Denis Osin to answer several open questions on mapping class groups in [DGO].
Motivating by these results, it is natural to ask whether the same ideas apply
to infinite type surfaces.
Curve complexes of infinite type surfaces have finite diameter so that they
are not useful to study the associated mapping class groups from the view point
of coarse geometry. For the specific case of the plane minus a Cantor set, it
has been recently proved by the first author in [Bav] that the mapping class
group acts by isometries on a Gromov-hyperbolic graph of infinite diameter.
This graph is the ray graph, defined by Danny Calegari in [Cal09]. Even more
recently, Javier Aramayona, Ariadna Fossas and Hugo Parlier have extended
this result to more infinite type surfaces (see [AFP]). However, these actions
are far from being acylindrical or from containing WPD isometries: for every
finite set V of vertices of the graph, there are infinitely many elements of the
mapping class group which fix V . Thus, although the ray graph seems to be the
natural analogous of the curve graph in the context of infinite type surfaces, a
natural question would be to determine if there exists a more suitable hyperbolic
graph on which the associated mapping class group acts acylindrically. The
main result of this article answers negatively this question. Namely, for any
infinite type surface S, we prove that every acylindrical action of Mod(S) on a
hyperbolic space is necessary elementary. Equivalently:
Theorem. 2.1 If S is an infinite type surface, then the group Mod(S) is not
acylindrically hyperbolic.
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1 A criterion of non acylindrical hyperbolicity
The action by isometries of a group G on a metric space X is acylindrical
provided that, for every d ≥ 0, there exist R,N ≥ 0 such that for any x, y ∈ X ,
d(x, y) ≥ R⇒ #{g ∈ G | d(x, gx), d(y, gy) ≤ d} ≤ N .
Furthermore, if X is hyperbolic, we say that the action is non elementary if the
limit set Λ(G) of G is infinite. A group is acylindrically hyperbolic if it admits
a non elementary acylindrical action on a hyperbolic space.
The main result of this section is:
Theorem 1.1. Let G be a group with a collection of subgroups H satisfying:
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(i) for every H ∈ H and h ∈ H, the centralizer of h is not virtually cyclic,
(ii) for every g ∈ G and N ≥ 1, there exist n ≥ N and H ∈ H such that
H ∩Hg
n
is infinite.
Then G is not acylindrically hyperbolic.
Therefore, given a group G satisfying the hypotheses of our theorem, we want
to prove that any acylindrical action of G on a hyperbolic space turns out to be
elementary. For this purpose, the following trichotomy will be useful (see [Osi,
Theorem 1.1]):
Theorem 1.2. Let G be a group acting acylindrically on a hyperbolic space X.
Then exactly one of the following situation happens:
(i) G contains infinitely many pairwise independent loxodromic isometries,
(ii) G is virtually cyclic and contains a loxodromic isometry,
(iii) the action Gy X has a bounded orbit.
In particular, the action is non elementary if and only if (i) holds.
Recall that two isometries of a hyperbolic space are independent if their points
at infinity are pairwise distinct. As a consequence, by applying the previous
classification to the cyclic subgroups of G, we deduce that any element g ∈ G
is either loxodromic or elliptic:
Corollary 1.3. If a group acts acylindrically on a hyperbolic space, none of its
elements are parabolic.
A last result needed to prove our theorem is [DGO, Corollary 6.6]:
Lemma 1.4. Let G be a group acting acylindrically on a hyperbolic space X. If
g ∈ G induces a loxodromic isometry of X then its centralizer is virtually cyclic.
Proof of Theorem 1.1. Given a group G satisfying the hypotheses of our
theorem, we want to prove that any acylindrical action of G on a δ-hyperbolic
spaceX is elementary. First, it clearly follows from Lemma 1.4 that any element
of a subgroup of H does not induce a loxodromic isometry of X : according to
Corollary 1.3, it induces an elliptic isometry.
Suppose by contradiction that G contains a loxodromic isometry g, and fix
a constant A > 0. Because g is loxodromic, there exists some n ≥ 1 such
that n‖g‖ = ‖gn‖ ≥ A, where ‖ · ‖ denotes the translation length [CDP90,
Proposition 10.6.1]. By our hypotheses, there exist some H ∈ H and k ≥ n
such that H ∩ Hg
k
is infinite. Notice that k ≥ n implies ‖gk‖ ≥ A as well.
As we have seen, the induced action H y X does not contain any loxodromic
isometry, so it follows from Theorem 1.2 that the orbits of H are bounded;
therefore, there exists a point x0 ∈ X whose orbit under H has diameter at
most 5δ [BH99, Lemma III.Γ.3.3]. Notice that, for all h ∈ H ∩ Hg
k
, we have
d(x0, hx0) ≤ 5δ and
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d(gkx0, hg
kx0) = d(x0, g
−khgkx0) ≤ 5δ
since g−khgk ∈ g−kHg
k
gk = H . Therefore, we have proved that, for any
A > 0, there exist x, y ∈ X satisfying d(x, y) ≥ A and such that the set
{g ∈ G | d(x, gx), d(y, gy) ≤ 5δ} is infinite. This contradicts the acylindricity of
the action Gy X . Thus, this action does not contain any loxodromic isometry,
and we deduce that it is necessarily elementary. 
Example 1.5. As a first application, we claim that SO(n) is not acylindrically
hyperbolic for every n ∈ N. Indeed, let H denote the collection of the subgroups
of SO(n) which have the form:
PEkP
−1 := P


Idk
SO(2)
Idn−k−2

P−1,
where 0 ≤ k ≤ n and P ∈ GL(n). Notice that any element of PEkP−1 com-
mutes with any element of PEhP
−1 provided that |k−h| ≥ 2; in particular, the
centralizer of any element of PEkP
−1 is not virtually cyclic if n ≥ 4. Then,
notice that a matrix M ∈ SO(n) can be written as P


A1 0
. . .
0 An

P−1 for
some Ai ∈ SO(2) or {±1}. Up to a conjugacy, we may suppose without loss of
generality that M =


A1 0
. . .
0 An

. We have
M


SO(2) 0
1
. . .
0 1


M−1 =


SO(2) 0
1
. . .
0 1


,
that is to say EM0 = E0. We conclude that Theorem 1.1 applies so that SO(n)
is not acylindrically hyperbolic for any n ≥ 4. Finally, notice that SO(2) and
SO(3) are not acylindrically hyperbolic as well since they are respectively abelian
and simple (see [DGO, Theorem 2.29]), so SO(n) is not acylindrically hyperbolic
for any n ∈ N.
2 Application to big mapping class groups
As an application of Theorem 1.1, we get the following theorem, where Mod(S)
denotes the group of orientation-preserving homeomorphisms of S up to isotopy.
Theorem 2.1. Let S be an infinite type surface. Then Mod(S) is not acylin-
drically hyperbolic.
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Before the proof we recall necessary elements on the classification of infinite
type surfaces, which can be found in [Ric63]; see also [Ghy95].
Space of ends. If S is a non compact surface, consider a sequence (Si) of
compact subsurfaces of S such that:
• for every i, Si is included into Si+1;
•
⋃
i Si = S
Then every sequence (Ui) satisfying:
• for every i, Ui is a connected component of S \ Si;
• for every i, Ui+1 is included in Ui;
is called an end of S. It is worth noticing that there are several different topo-
logical types of ends. One end (Ui) is said to be:
1. isolated if all but finitely many Ui’s are homeomorphic to a cylinder;
2. accumulated by ends if every Ui belongs to another end (seen as a se-
quence);
3. accumulated by genus if every Ui has infinite genus.
The space of ends (or ideal boundary) of the surface S will be denoted by
K. It is equipped with a natural topology for which it is totally disconnected,
separable and compact. Furthermore, this space does not depend on our choice
of the sequence (Si): there exists a natural homeomorphism between the spaces
of ends associated to any two such sequences.
Notations. For convenience, the set of ends accumulated by ends will be
denoted by K1, and the set of ends accumulated by genus by K2. Note that
both are compact subsets of K, and that if S is of infinite type, at least one of
them is non empty. These subspaces are of particular interest since, according
to a theorem of Kere´kja´rto´ (see [Ric63] or [Ghy95]), an orientable surface of
infinite type is uniquely determined, up to homeomorphism, by its genus and
the triple of topological spaces (K,K1,K2). If S
′ is a subsurface of S, we say
that an end (Ui) ∈ K belongs to S′ or that S′ contains (Ui) if Ui ⊂ S′ for all
but finitely many i’s.
Back to the proof of the theorem. We now use the previous definitions
and notations to prove Theorem 2.1.
Proof. If Ω is a subsurface of S, we say that g ∈ Mod(S) is supported in Ω if g
has a representative which is supported in Ω. With the notations we have just
defined for the space of ends and its subsets, we consider the two following cases.
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(1) First case: if S is a surface of finite genus with infinitely many
ends (K1 6= ∅). Consider the set X1 of the topological punctured closed disks
Ω of S (up to isotopy) containing at least one end of K1 whose complement in
S contains at least two ends of K or has positive genus. For every Ω ∈ X1,
we denote by HΩ the subgroup of Mod(S) consisting in the homeomorphisms
supported in Ω. Finally, we denote by H1 the collection {HΩ}Ω∈X1 .
(2) Second case: if S is a surface of infinite genus (K2 6= ∅). Consider
the set X2 of the subsurfaces Ω of S (up to isotopy) containing at least one end
in K2 whose complement in S contains at least two ends of K or has positive
genus. Again, for every such Ω, we denote by HΩ the subgroup of Mod(S)
consisting in the homeomorphisms supported in Ω. Finally, we denote by H2
the collection {HΩ}Ω∈X2 .
Choose i ∈ {1, 2} such that Ki (and hence Xi) is non empty. We have:
• For every Ω ∈ Xi and h ∈ HΩ, every element of Mod(S) which is supported
in S − Ω commutes with h: it follows that the centralizer of h is not
virtually cyclic.
• Let g ∈Mod(S). Note that 〈g〉 acts onKi. Let x ∈ Ki be an accumulation
point for this action; such an x exists, because Ki is compact. Choose an
Ω ∈ Xi containing x. For every N ≥ 1, there exists n ≥ N such that
gn(Ω) ∩ Ω contains x.
1. Case i = 1: since x is accumulated by ends, there are infinitely many
points of K in gn(Ω) ∩ Ω.
2. Case i = 2: since x is accumulated by genus, there are infinitely
many elements of Mod(S) which are supported in gn(Ω) ∩ Ω.
In both cases, HΩ ∩H
gn
Ω is equal to Hgn(Ω)∩Ω, which is infinite.
It follows that the collection Hi satisfies the hypotheses of Theorem 1.1: there-
fore, Mod(S) is not acylindrically hyperbolic.
References
[AFP] J. Aramayona, A. Fossas, and H. Parlier. Arc and curve graphs for
infinite-type surfaces. arXiv:1510.07805.
[Bav] J. Bavard. Hyperbolicite´ du graphe des rayons et quasi-morphismes
sur un gros groupe modulaire. arXiv:1409.6566, to appear in Geometry
& Topology.
[Beh06] J. A. Behrstock. Asymptotic geometry of the mapping class group
and teichmller space. Geom. Topol., 10:1523–1578, 2006.
6
[BF02] M. Bestvina and K. Fujiwara. Bounded cohomology of subgroups of
mapping class groups. Geom. Topol., 6:69–89 (electronic), 2002.
[BH99] Martin R. Bridson and Andre´ Haefliger. Metric spaces of non-
positive curvature, volume 319 of Grundlehren der Mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences].
Springer-Verlag, Berlin, 1999.
[Bow06] B. Bowditch. Intersection numbers and the hyperbolicity of the curve
complex. J. Reine Angew. Math., 598:105–129, 2006.
[Cal09] D. Calegari. Big mapping class groups and dynam-
ics, Geometry and the imagination, personnal blog post.
lamington.wordpress.com/2009/06/22/big-mapping-class-groups-
and-dynamics/, 2009.
[CDP90] M. Coornaert, T. Delzant, and A. Papadopoulos. Gome´trie et the´orie
des groupes - les groupes hyperboliques de Gromov, volume 1441 of
Lecture Notes in Mathematics. 1990.
[DGO] F. Dahmani, V. Guirardel, and D. Osin. Hyperbolically embedded
subgroups and rotating families in group acting on hyperbolic spaces.
arXiv:1111.7048.
[Ghy95] E. Ghys. Topologie des feuilles generiques. Annals of Mathematics,
141(2):387–422, 1995.
[MM99] H. A. Masur and Y. N. Minsky. Geometry of the complex of curves.
I. Hyperbolicity. Invent. Math., 138(1):103–149, 1999.
[Osi] D. Osin. Acylindrically hyperbolic groups. arXiv:1304.1246.
[Ric63] I. Richards. On the classification of noncompact surfaces. Transactions
of the American Mathematical Society, 106(2):259–269, 1963.
[Sis] A. Sisto. Quasi-convexity of hyperbolically embedded subgroups.
arXiv:1310.7753.
7
